Define a "nuclear partition" to be an integer partition with no part equal to one. In this note we prove a simple formula to compute the partition function p(n), by counting only the nuclear partitions of n, a relatively small subset of partitions of n. Variations on the proof yield families of similar formulas for p(n).
Let P denote the set of integer partitions. 1 Here we count partitions of n via a natural subclass of partitions we refer to as nuclear partitions, which are partitions having no part equal to one. Let us denote the nuclear partitions by N ⊂ P, and let N n denote nuclear partitions of n ≥ 0. We use atomic terminology because partitions in N generate the rest of the set P through an algorithm resembling nuclear decay, which we detail below.
Let p(n) denote the partition function, i.e., the number of partitions of n ≥ 0, where p(0) := 1. For n ≥ 1, let ν(n) count the number of nuclear partitions of n, with ν(0) := 1 (noting ν(1) = 0). Clearly we have the recursive relation p(n) = ν(n) + p(n − 1). 2 Then
So to count partitions of n, we need only enumerate nuclear partitions. Here we prove an algorithm to compute p(n) from the nuclear partitions of n aside from the partition (n) into just one part, i.e., the set N n \(n), which is considerably smaller than the set P n of partitions of n. Let µ = (µ 1 , µ 2 , . . . , µ r ), µ 1 ≥ µ 2 ≥ · · · ≥ µ r ≥ 2, denote a nuclear partition.
Theorem 1. We have that
with the right-hand sum taken over nuclear partitions of n apart from the partition (n).
To compute p(n) from Theorem 1, one can follow these steps:
(1) Write down the partitions of n containing no 1's aside from (n) itself, that is, the subset N n \(n). This is a relatively small subset of the partitions of n. For example, to find p(6) we use N 6 \(6) = {(4, 2), (3, 3), (2, 2, 2)}. (2) Write down the difference µ 1 − µ 2 ≥ 0 between the first part and the second part of each partition from the preceding step. In the present example, we write down 4 − 2 = 2, 3 − 3 = 0, 2 − 2 = 0.
(3) Add together the differences obtained in the previous step, then add the result to n + ν(n) − 1 to arrive at p(n). In this example, we add 2 + 0 + 0 = 2 from the previous step to 6 + ν(6) − 1 = 6 + 4 − 1, arriving at p(6) = 6 + 4 − 1 + 2 = 11, which of course is correct.
Proof of Theorem 1. Let m k (λ) denote the multiplicity of k ≥ 1 as a part of partition λ = (λ 1 , λ 2 , . . . , λ r ), λ 1 ≥ λ 2 ≥ · · · ≥ λ r ≥ 1. Observe that every nuclear partition of n can be formed by adding m 1 (λ) to the largest part λ 1 of a "non-nuclear" partition λ ⊢ n, and deleting all the 1's from λ, e.g., (3, 2, 1, 1) → (5, 2). Conversely, every nuclear partition µ ⊢ n can be turned into a non-nuclear partition of n by decreasing the largest part µ 1 by some positive integer j ≤ µ 1 − µ 2 , and adjoining j 1's to form the non-nuclear partition, or else µ 1 − µ 2 = 0 which we think of as the "ground state". So (non-ground state) nuclear partitions of n "decay", by giving up 1's from the largest part, into non-nuclear partitions of n, e.g., (5, 2) → (4, 2, 1) → (3, 2, 1, 1) → (2, 2, 1, 1, 1) , of which the total number is p(n) − ν(n). Each nuclear partition µ decays into µ 1 − µ 2 different non-nuclear partitions except the partition (n), which decays into n − 1 nonnuclear partitions, viz. (n) → (n − 1, 1) → (n − 2, 1, 1) → · · · → (1, 1, . . . , 1). Therefore, the number of non-nuclear partitions of n is p(n)−ν(n) = (n−1)+ µ∈Nn\(n) (µ 1 −µ 2 ).
It is interesting to see how the subset N ⊂ P produces the entire set P by the "decay" process described in the proof above. (To prove this observation, assume otherwise, that for some n ≥ 0 there is a non-nuclear partition φ of n not produced by decay of some partition in N n . Then deleting all the 1's from φ and adding them to the largest part φ 1 produces a nuclear partition of n that decays into φ, a contradiction.)
Now, let γ(n) denote the number of nuclear partitions µ of n such that µ 1 = µ 2 (the first two parts are equal), setting γ(0) := 0 and noting γ(1) = γ(2) = γ(3) = 0, as well. As above, we refer to this even sparser subset of N as ground state partitions.
Then for n ≥ 3 the recursion ν(n) = γ(n) + ν(n − 1) holds (adding 1 to the largest part of every nuclear partition of n − 1 gives the nuclear partitions µ of n with µ 1 > µ 2 ). 3 Moreover, noting ν(2) = 1, we have for n ≥ 3 that (2) ν(n) = 1 + γ(3) + γ(4) + · · · + γ(n).
Much as nuclear partitions "control" the growth of p(n), these ground state partitions control the growth of ν(n), thus appearing to fundamentally control p(n). For example, certain integers k ≤ n having abnormally large values of γ(k) by comparison to other nearby numbers, make larger contributions to the magnitude of p(n). One such class is the integers with abnormally many divisors, since each divisor d of k, d = 1, produces the new ground state partition (d, d, . . . , d), with k/d repetitions. Identifying integers having abnormally many (or few) ground state partitions might provide information about p(n).
For m ≥ 1, let ν(n, m) denote the number of nuclear partitions of n whose parts are all ≤ m. Then it is easily verified that we can also compute ν(n) for n ≥ 4 as follows:
Combining this identity with Theorem 1 and eq. (2) above, and making further simplifications, the task of computing p(n) can be reduced to counting much smaller subsets of ground state partitions of integers ≤ n − 2. Rather mysteriously, these small subsets of partitions of integers up to n − 2 completely encode the value of p(n).
More generally, we might let ν k (n) denote the number of partitions of n having no part equal to k -let us refer to these as k-nuclear partitions -setting ν k (0) := 1 for all k ≥ 1; thus ν(n) = ν 1 (n). Let N k denote the set of all k-nuclear partitions, and let N k n be k-nuclear partitions of n; thus N = N 1 , N n = N 1 n . Clearly we have p(n) = ν k (n) + p(n − k), so ν k (n) is subject to essentially the same treatment as ν(n). 4 Then by recursion, as previously, we have
where ⌊x⌋ is the floor function. By an almost identical proof to that above but using decay into k's instead of 1's, we can generalize Theorem 1, which in fact represents the k = 1 case of the following identity.
Theorem 2. We have that
where we set a b * := a b − 1 if b|a and a b * := a b otherwise, and the right-hand sum is taken over k-nuclear partitions of n apart from the partition (n).
By the well-known Ramanujan congruences (see [1, 2] ), since p(5n+4)−p (5(n − 1) + 4) ≡ 0 (mod 5), then (5) ν 5 (5n + 4) ≡ 0 (mod 5).
Similarly, we also have that (6) ν 7 (7n + 5) ≡ 0 (mod 7), ν 11 (11n + 6) ≡ 0 (mod 11).
If these congruences (or others of similar shape) could be established directly, then working in the opposite direction, one could prove Ramanujan-like congruences by induction.
